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Introduction
The price evolution of non-renewable resources is a very important problem in our economy. The economic issues related to an economy based on exhaustible resources have been investigated in [1] and later on revised in [2] . The approach of using mass and energycapital conservation equations to investigate the price evolution with time throughout the use of economic parameters has been proposed in [3] [4] [5] by the present author who is here extending his analysis to the price evolution versus the rate of consumption with the aim of constructing the energy supply curve of non-renewable resources.
Supply curve of extracted resources
The mass conservation equations of extracted and sold resources, [3] , under the hypothesis of no accumulation nor depletion of the resources, can be written in dimensionless form as
G' E = G E / G E0 = G' S = G S / G S0 = exp(α t)
(
The price evolution with time of extracted resources, [3] , is, in dimensionless form,
The extraction rate, α, can be obtained from Eq. (1) on the base of the mass flow rates of extraction in two successive years,
The elimination of the time variable, t, between Eqns. (1) and (2) allows to obtain the relation, called supply curve of extracted resources, between the dimensionless price, p' E , and the dimensionless mass flow rate, G' E , of extracted resources,
where the new variable, y,
is called Rate of Interest of Non-extracted resources on the Extraction rate, RINE.
The variation of p' E with G' E is presented in Fig. 1 where the only variable affecting the evolution is y.
-For y = 0 (i.e. r N = 0 or α = ± ∞ ), Eq. 4 is an equilateral hyperbole: p' E decreases with the increase of G' E or increases with the decrease of G' E .
-For 0 < y < 1, p' E decreases with the increase of G' E .
-For y = 1 (i.e. α = r N ), p' E is constant with the increase of G' E .
-For y > 1, p' E increases with the increase of G' E . 3 -For y = ± ∞ (or α.= 0 ), Eq. 4 is a vertical line: p' E increases at constant G' E = 1.
-For y < 0, p' E increases with the decrease of G' E .
Supply curve of sold resources
The price evolution with time of sold resources, [4] , becomes, in dimensionless form, 
p' S = p S / p S0 = exp (β' t) -p'* S0 [exp (β' t) -exp (β t)]
is the Dimensionless Critical Initial Price of Sold resources, DCIPS, and the new variable, x,
is the Rate of Interest of Sold resources on the Extraction rate, RISE. 
An extreme value of p' S is present for
G' S =[y(1-y)/(x-1)/(x-2y)] 1/(x-y)
when p E0 =p S0 , and
G' S =[p'* S0 (1-y)/(x-1)/(1-p'* S0 )] 1/(x-y)
when p E0 p S0 . 
which is the Dimensionless Critical Initial Price Extreme of Sold resources, DCIPES.
Supply curve of sold resources for r N = 0, i.e. p'* S0 = 0
For r N = 0 , i.e. p'* S0 = 0, Eq. (9) becomes
which, combined with Eq. (1), gives
The variation of p' S with G' S is presented in Fig. 2 for y = 0 (i.e. r N = 0). The only variable affecting the evolution is x.
-For x = 0 (i.e. r E = 0 or α= ± ∞ ), Eq. (14) is an equilateral hyperbole: p' S decreases with the increase of G' S or increases with the decrease of G' S .
-For 0 < x < 1, p' S decreases with the increase of G' S .
-For x = 1 (i.e. α = r E ), p' S is constant with the increase of G' S . 4 -For x > 1, p' S increases with the increase of G' S .
-For x = ± ∞ (or α= 0 ), Eq. (14) is a vertical line: p' S increases at constant G' S = 1.
-For x < 0, p' S increases with the decrease of G' S .
Supply curve of sold resources for p'* S0 = 1.
For p'* S0 = 1, Eq. (9) reduces to
and the variation of p' S is only dependent on y, RINE.
The variation of p' S with G' S for p'* S0 = 1 (i.e. x = 2 y if p E0 =p S0 =1) is presented in Fig. 3 . The only variable involved in the evolution is y.
-For y = 0 (i.e. r E = 0 or α= ± ∞ ), Eq. (15) is an equilateral hyperbole: p' S decreases with the increase of G' S or increases with the decrease of G' S .
-For 0 < y < 1, p' S decreases with the increase of G' S .
-For y = 1, p' S is constant with the increase of G' S .
-For y > 1, p' S increases with the increase of G' S . A special case is y = 2 when the variation of p' S is a linear increase with the increase of G' S .
-For y = ± ∞ (or α= 0), Eq. (15) is a vertical line: p' S increases at constant G' S = 1.
-For y < 0, p' S increases with the decrease of G' S .
Supply curve of sold resources for |x|>|y|>1.
The variation of p' S with G' S is presented in Fig. 4 
The maximum value of p' S corresponds to
for p E0 =p S0 , and to
for p E0 p S0 .
The maximum of p' S is present at G' S =1 for
The price evolution of sold resources for x=y=1(i.e. r N =r E =α) becomes, in dimensionless form,
The evolution of p' S with G' S is presented in Fig. 8 
Supply curve of the difference between the price of sold and extracted resources.
The difference ∆p between the price of sold and extracted resources is given by
where
is the Critical Initial Price Difference, CIPD.
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The price difference ∆p has an extreme for
which is equal to 1 for ∆p 0 equal to 
Supply curve of p for |y|>1 and |x|=2 y.
The price difference ∆p for |y|>1 and |x|=2|y| (i.e. α<r N , r E =2 r N , and ∆*p 0 =∆**p 0 =0) has the following trends. For ∆p 0 >0 the price difference ∆p increases exponentially with the increase or the decrease of G' S . For ∆p 0 <0 the price difference ∆p decreases exponentially with the increase or the decrease of G' S . 
Supply curve of p for |y|>1 and |x|<2 y.

Supply curve of p for y <1.
The price difference ∆p for y<1 (i.e. The price difference ∆p for the other three cases which are possible according to the relation between x and y (i.e. α and r E ) has the following trends.
-For 1=>x>y (i.e. α=>r E >r N ) the price difference ∆p decreases asymptotically to + 0 with the increase of G' S .
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-For 1>y>x (i.e. α>r N >r E ) the price difference ∆p decreases asymptotically to -0 after a negative minimum with the increase of G' S .
Supply curve of p for x = y.
The price difference ∆p, [4] , is, in dimensionless form,
For x=y the critical initial price difference ∆*p 0 and the critical initial extreme price difference ∆**p 0 are not defined and the only critical price defined is the critical initial price extreme of the sold resources p** S0 .
The price difference ∆p, as a function of G' S , is then
which is equal to 1 if -For x=y=1 (i.e. α=r E =r N ) the price difference ∆p, which has the following dependence on
decreases with the increase of G' S .
Real evolution and predictions of the price of non-renewable resources.
Oil price evolution from 1980 to 2005.
The real evolution of world oil price versus consumption from 1980 to 2005 [6] is reported in Table 1 and Figure 13 . Table 1 reports the current year on the first column, the oil price, p (US$/GJ), on the second one, the consumption rate, G (GT/y), on the third one and the extraction rate of oil,
(1/annum), on the forth one. The extraction rate is evaluated from the consumption rates of the previous and current year. Table 1 reports also the economic data employed in the present model, i.e. the inflation rate on the fifth column, the discount rate on the sixth one and the prime rate on the last one. The inflation rates from 1980 to 2005 have been assumed according to [7] while the discount and prime rates from [8] . The price evolution from 1980 to 1983 (i.e. a price decrease along to a consumption decrease) cannot be predicted by Eq. 4 for the price of extracted resources, p' E , and is not present among the curves reported in Fig. 1 . Similar considerations can be done for the price evolution of sold resources, p' S , which cannot be predicted by Eq. 14, under the assumption of r N =0, i.e. zero interest rate of the non extracted resources, or by Eq. 15 for p'* S0 =1. This evolution is not present, among the others, in Fig. 2 and Fig. 3 12
The decrease of the price p' S and the consumption G' S (i.e. x<0) can be seen in Fig. 4 for Table 3 reports the current year on the first column, the oil price, p (US$/GJ), on the second one, the consumption rate, G (GT/y), on the third one, the extraction rate, (1/annum), on the forth one, the economic data employed in the best prediction, i.e. r N on the fifth column and r E on the sixth one. Table 3 The price decrease from 1981 to 1986 can be predicted by the present approach under the assumption that the inflation rate is equal to r E =r N and the guideline of Fig. 8 The price evolution from 1987 to 1996 can be predicted by the present approach under the assumption that the inflation rate is equal to r N , the discount rate is equal to r E and the guideline of Fig. 4 for x>y>1, The decrease of p' S in 1997 and 1998 can be predicted by the present approach under the assumption that the inflation rate is r E =r N , and the guideline of Fig. 8 for x=y, i.e. r E =r N .
On the base of the data of The price decrease in 2001 can be predicted by the present approach under the assumption that the inflation rate is equal to r N , the discount rate is equal to r E and the guideline of Fig. 4 for x>y>1, 
Gas price evolution from 1984 to 2005.
The evolution of the gas price in Europe versus the consumption in the world from 1984 to 2005, [6], is reported in Table 2 and Fig. 14. Table 2 reports the current year on the first column, the gas price in Europe, p (US$/GJ), on the second one, the consumption rate in the world, G (10 9 m 3 /y), on the third one, the extraction rate, (1/annum), on the forth one. Table 2 reports also the economic data employed in the present model, i.e. the inflation rate on the fifth column, the discount rate on the sixth one and the prime rate on the last one. The inflation rates from 1984 to 2005 have been assumed according to [7] while the discount and the prime rates from [8] . Table 4 reports the current year on the first column, the gas price, p (US$/GJ), on the second one, the consumption rate, G (10 9 m 3 /y), on the third one, the extraction rate,
(1/annum), on the forth one, the economic data employed in the best prediction, i.e. r N on the fifth column and r E on the sixth one. The price increase in 1985 can be predicted by the present approach under the assumption that the inflation rate is equal to r N , the discount or the prime rate is equal to r E and the guideline of Fig. 4 for x>y>1 (i.e. r E >r N > ). On the base of the data of The price increase from 1990 to 1991 can be predicted by the present approach under the assumption that the inflation rate is equal to r N , the prime rate is equal to r E and the guideline of Fig. 4 , x>y>1 (i.e. r E >r N > ). On the base of the data of The price decrease from 1992 to 1994 can be predicted by the present approach:
-under the assumption that the inflation rate is equal to r N , the discount rate is equal
to r E and the guidelines of Fig. 4 when x>y>1, i.e. r E >r N > >0. On the base of the data of The price decrease from 1998 to 1999 can be predicted by the present approach under the assumption that the inflation rate is r E =r N , and the guideline of Fig. 8 for x=y, i.e. r E =r N .
On the base of the data of The best predictions of the oil price obtained with the present approach are reported in Fig. 15 according to the abovementioned assumptions about the interest rates of non extracted, r N , and extracted resources, r E . The conclusion is that the agreement can be considered as acceptable.
The conclusions of the best predictions obtained with the present method in the period from 1984 to 2005 are the following:
-the interest rate of non extracted resources, r N , is equal to the inflation rate;
-the interest rate of extracted resources, r E , varies from 1984 to 2005. It is equal to the discount or the prime rate in 1985; to the inflation rate from 1986 until 1989; to the prime rate from 1990 to 1991; to the discount rate from 1992 until 1994; to the prime rate from 1995 to 1997; to the inflation rate from 1998 until 1999; to the prime rate from 2000 until 2005.
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The best predictions of the gas price obtained with the present approach are reported in Fig. 16 according to the abovementioned assumptions about the interest rate of non extracted, r N , and extracted resources, r E . The conclusion is that the agreement can be considered as acceptable. Table 3 .
Nomenclature
Latin
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